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THE TEEORY OF PROPELLERS 
IIt - THE SLIPSTREAM CONTRACTION WITH NUMERICAL 
VALUES FOR TWO-BLADE AND FOUR-BLADE PROPELLERS 


By Theodore Theodorsen 
SUMMARY 


As the conditions of the ultimate wake are of concern 
both theoretically and practically, the magnitude of the 
slipstream contraction has been calculated. It will be 
noted that the contraction in a representative case is 
OmeuiewOrde rom Olbye I perceMms Ol une: DROpDed Vern cs ameier. 
In consequence, all calculations ‘need involve only first= 
Orger effects. Curves and tables are sivern- for -the 
contraction coefficient of two-blade and four-blade 
propellers for various values of the advance ratio; the 
contraction coefficient is defined as the contraction in 
the diameter of the wake helix in terms of the wake 
GClraniebereis iibimiy. Tae contour limes of the wale 
helix are also shown at four values of the advance ratio 
in comparison with the contour lines for an infinite 
number of blades. 


INTRODUCTION 


Since reference is often made to the wake infinitely 
Zoe penind the propeller, it is desirable to establish 
certain relationships between the dimensions of the 
propeller and those of the wake helix at infinity. The 
present paper considers the relationship of the propeller 
diameter and the wake diameter, or the problem of the 
slipstream contraction. 


The discussion is restricted to a consideration of 
first-order effects, that is, to the determination of the 
contraction per unit of loading for infinitely small 
loadings only. It will be seen that the contractions 
are indeed very small, of the order of a few percent of 
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the propeller diameter, and that the high-order terms 
are therefore not of concern. The iImterference veloema 
accordingly is neglected as small compared with the 
stream velocity. The wake helix lies.on a perfect 
cylinder and the piteh angle is everywhere the same. 9~It 
is noted that the assumption of zero loading corresponds 
to that used by Goldstein for a different purpose. 


SYM BOLS 
R tip radius of propeller 
am! radius of element af vortex sheet 
Ar contraction 
; : h 
Ar, total contraction or contraction at a = 0 
T angle between starting point of spiral line and 
point P 
H pibehn of .spiral 
€ angular coordinate on vortex sheet 
6 
— To 
a Et 
Xr 6a 7 . € ti ne 
advance ratio rh 
3 ratio of nadius of element to tip radius of wormbex 
sheet (r/R) 
VR radial velocity 
V advance velocity of propeller 
w rearward displacement velocity of helical vortex 
surface 
ne 
Ss 
p number of blades 
K mass. coefficient 
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Cg = OKnw 
1WCe.AVR 
r circulation at radius «x r= a K(x) 
TM 

K(x) circulation function for single rotation Pre 

enw ; 
w angular velocity of propeller, radians per 

second 

vy radial velocity at point P due to a doublet 


element at 9,x except for a constant factor 


a 7 
(, _ 18 cos (8+T) - sin (+7)! ie 2x? +XEG24+ x cos (8+7)] 


K h and? 44hHe 1 Ox nee (een) P/? 


Ya = AOS yy Wheres w= (OF) 15) 25 .c hee pad 


¥o angle of contraction, except for 4a constant 
\ v8 


poo \ 
factor i = | Ral By 


ae contour line of contraction, except for a 
3z I 


Cc a 
constant factor aah? l., ip ates BM 
K a 


pF ei a. 6 
AT : her ee : Cs 2 
——— total contraction in terms of radius —_— — Yz 
R KP ak 
Ar K 3 
— ——CoOnMaracitOlmCOer jen Oris (S s) 
pat Cog a 3 
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* 
nie 

iF 
eZ 

4 bs 


= sin 9 tanep \ x ak PRE) ee Oe [F(k) - wet 


THEORY 


The radial velocity is obtained by using the Biot- 
Savart law and integrating over the entire surface of 
GLSCOMGn Mtimtiys elites Aa is the total contraction, the 

J fe) 
: : : £09 ; 
problem is to determine the ratio Pp for various 


numbers of blades at several advance ratios. Simple 


expressions referring to zero loading are used throughout. 


The radial inward velocity dvp' at the point P 
is calculated. (See figs, 1 dnd 2.') This velocity Pegmice 
from an element of circulation fF ds, which is doeaegem 
On a spiral of radivis Yr that starts in & plane perpea— 
dicular to the axis and containing the reference point P. 
The angle between the starting point of the spiral line 
and ths point FP ‘is designated 7. The spiral exztemee 
below the plane to infinity. If the pitch of “this spew 
is designated H, the element at a projected angle 98 
from the starting point of the spiral is then at a 
Gistance h below the reference plane where 


By introducing the nondimensional quantities 
nN = —— - 


(2) 


in the Biot-Savart law, the following expression is 
ootained for the racial inward velocity dvp' due to an 
element on the wake helix of strength fs: 
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4 es Saige |e) 58. Cope (iu tim) eosin. (8 A? tT) 


ee re » se “ry Td eS ES ( 3 ) 
li R [a Pe) ee ous 2x Gos, (8) + 1), P/e 


By differentiating equation (4) with respect to x, 
pic treled of 2 doublet -element on the helical vortex 
Sheet is obtained, the doublet element consisting of two 
neighboring singlet elements cach of strength f. 
petting fdx equal to [ and dividing through by the 
Speco VeLoGiuy | VF Rives 


ie © Surin 7 
aR... LT @ , [8 cos (9+7) -sin (0 er)l [2 - 2x2 +4202 +x cos (047) | (ls) 
» hin RY [1 + x° + PGS - 2x cos (e+) |9/2 


mhere Ve is the radial vélocity at the point P. 


Equation (1) may be written in the form 


VR Lie els, 
aT lor RV est (5) 
where 
< 2 CE AED betes 
Bi (sharin )) ee sat Oe Be SP ere ae ae tr 
ave l cos ( ) - sin (att) L x r ae Ee (6 +)] (6) 


@¢ - 2x cos (+7) [9/2 


ene 
a 
be 
qh 
+ 
cet 
ine) 


Mavs) Aaibhavencstvoyal ¥, .is plotted against 6+7t for four values 
ork and various values of tT and x- in figures 3 to 6. 
With 


enVvw A 


DK 
where 


eg. >= SS = 


= 2kw (8) 
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substitution in equation (5) gives 


Z 


. ; a 6 
if the*point P is at’a distance’ h°= H-— telee 
aT 


the propeller, integrating equation (9) over the wake 
yields 


we es ff sy 
ae = AES es K(x v x \ 
~8 U0 i 


It is noted that, with equally svaced blades, the 
funetion 


oa v7 (139 


n 


HVS Neha yoyeiol TabhaveKsWonah fowie wis) a uctatel 


Equation (10) can therefore be rewritten as 


Vo 2 pecans 
Bigs (te es K(x) 
= 4% = a ZY ax dé (335) 


U8 1 4 
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Let 


eect ty a | 


v9 J 


Values of Be | and Yo, multiniied by a constant factor 
WOOL, Wenhirsieul Sialesy shia) jo) IMoy ero ukrayse | fehotey ant yeraealyal re 2lloMlisis’ i] Siictey) IEW) 
for two-blade and four-blade propellers for which “x 

ade 6 “bake on various, values. These functions are 
plotted against @ in figures 7 and 8. : 


Equation (13) becomes 


Vv eS 
Pe OR 
Now 
ig 
V a) gl > NaS 
~R 
Therefore 
dz VR he C3 
ee ee -—— —— ~—YV 1 
da V a ne ola 
whence 
R Pp pRo Ee eres ee 
ae a= ee ce | a. heltwnn Y5 dd (18) 
U 
UR, Ux7 o4 


MI C\ATTIT TAT BIM T AT 


[o) 
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If Ro is the radius at the propeller and R, is the 
ultimate radius of the wake 92. = 0, 0, =™), 


7; > Yz (19) 


where 


Values of Yz re given in tables V and VI and are 


a 
plotted in figur 
for which A an 


e 9 for two-dlade and four-blade propellers 
qd 9$% take-on various valves. 


After all substitutions are made, the complete 
multiple integral for the total contraction is obtained 
as 

nm pm 71 
Se es [ K(x) 2) y, (8,x) ax a9 ae 
ee. Oe K(x) = x x 
R K oi pe , 


vo vO yO 


(See figs. 10 and 11.) 


INFINITE NUMBER OF BLADES 


For purposes of comparison, it’ is useful to obtain 
the contraction for the case of an infinite number of 
blades. By resolving the circulation into components 
parallel to and perpendicular to the axis of the wake, 
the helical vortices can be replaced by a system of 
vortices parallel to the axis and another of ring vortices 
having centers on the axis. Only the ring vortices 
contribute to the radial velocity. 


The field due to a vortex ring of strength f and 
radius r= Rx, located at a distance h below the 
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reference point P,° is given by Lamb (reference 1, 


p. 247). In the notation of the present paper it is 
ent oaiVe' 4% aot | 
hoy ee et & - ki} F(k) = Sele 
where E(k) and F(k) are the complete elliptic 


integrals and 
Lx 
n\¢ ms 


As before, a doublet ring is?obtain 


equation (20) with respect /to x. , By setting 


ad by differentiating 
iv 


boc followines expression 2s obbaaned ylor suhe frela or a 


Goubles rings 


ee ey Bhi eee (a 
fe) = Cr H a 1-2 Kw \ 2 1 p “2 .G 
im order Go: Obtain the eliscs of the entire vortex 
system, equation (21) is integrated with respect to h/R 
anow 3 ais 


The radial velocity 
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ao 1 
== 2 = 
gee BE)! + xe 
1 k= 
vr = a5 
R= a2 
R 
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ah : 
v(2) = RE T [ 6 (2) a= ax (23) 


x) ax (2l:) 


By subdstituting 


ie K(x) (26) 


where K(x) is the horizontal comvonent of the circulation 
coefficient, which may be expressed as 


ie, 3/2 
K(x) ={ =)’ (270 
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the following equation is finally obtained: 


te 3/2 (\o i al a 
é aN 5 | = 12 L vie 
"ice = ) ax | kt a ke 5 0) i = Et fal 
i = ips i R 
0 AS + x5 Ina | 1-k 1l-k 4 
(28) 
Hleie osamyekoulienalete! Glial Wbusiiliaws glove) MLisvaisselshats: oevlollictsys iglals, 
Second Anvesral ts wretuen in the form 
Pie vee 
Va Se (29) 
Wh/R 
where 
; Fat D\ i 
By = ain ae Es ao x©/E(x) + 2x|F(1r) - E(k) | 7? 
‘ i 
and 
pee hh 
ey" = 4 (1 + x)? 
Ry sineg 
or 


Q = sin-4, 
(See fig. 12 for plots of 2), against h/&.) 
1 


We wimeal herpes vor is 


ML Nz 7D ee ; ak a 
Ar = Ss Pha ee 5 | « 2 (2 Ee) or 
; an ay G 3) dx sin g as D\x x} R(k) 


dh/R 


~ 


(See table VII and fig. 13.) 
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INFINITE NUMBER OF BLADES FOR DUAL ROTATION 


The contraction for a dual-rotating proveller with 
an infinite number of blades is next obtained. Im taus 


case K(x) = 1, and the radial velocity is 
ai is : " [x=] 
Wee eRe i (2 - «) F(x) = £ E(k) } 
2nH \\E y: k | 
Hi x=0 
Since the value at the lower limit is zero and K(x) =1 


for an infinite number of blades, it follows by substituting 
the value of [ that 


Nae S. Cs f re, h 

= ae ol Wi c= 

P R Ah | R 
in/R 


where 


2 \ zi 1 
Wy See ee F({k) - E(k) 
aa } | 


bon BAe} 


(See table VIII and fig. ih.) 
CONCLUDING REMARKS 


The contraction coefficients are given for two-blade 
and four-blade single-rotating propellers at four specific 
values of the advance ratio. The calculations involve 
trinle integrations and are therefore somewhat laborious 
and susceptible to numerical errors. Until more convenient 
methods are devised to perform this integration, it is 
hoped that the values given in this paper will serve the 
purvose. It is well to notice the small magnitude of the 
contraction. A four-blade propeller with normal loading 
and advance ratio is shown to have a total contraction in 
terms of the radius of less than one percent. The 
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first-order treatment embodied in the paver is therefore 
adequate for all technical purposes. 


Langley Memorial Aeronautical Laboratory 
National Advisory Committee for Aeronautics 
Langley Field, Va. 
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FOR TWO-BLADE PROPELLER 


| 
(¢ C 
hz 15 
I 1) 205000138 1-0.00068 
Veal = Go021s'| -9,000282 | -+00103 
| z ~ .090293 -.001367 
E I I, ae | ~.00123 
006679 | 5 - oochas ~ .001283 
i 
( .005052 | é | =.000570 | -.000923 | ~.001316 
.002008 |! 7 -.000682 | -,001353 
00073 30 g - .000789 - .001358 
000150) 9 -,.000898 - .001350 
e90 | 10 | - 00098! -.001792 | -.9001458 
; 
.000622 20. | -.001139 | ~.001571 | -.001367 
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.000/:00 j 60 ~.000E&02 | -~,000862- | -.000759 
.000145 | 80 eLOOUsSS 1. =.OO0sey | l= eee 
650 .000041 | 100 £000.60 : 000412 | .00008 
700 O0O1LL:9 126 001730 | .000709 ee 
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| 
220 000625 -000093 | .000073 
i 21.0 "900260 00001 | -.000015 
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| 400 000 ore | -.00000 | ocook 
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| 380 .000232 000003 | -.000003 
| 1.00 .000113 | -.000003 .00000h 
| 1.20 000027 000020 | 000007 
} 41.0 -.000011 | 6.000011 
| L.66 00001) 
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oo 
TABLE II.- FUNCTION ae FOR FOUR-BLADE PROPELLER 


- .00000 


| 
siete 
0 | pailst -0.000273 
10 | eee PA ee | -0,000001 - .000250 
30 OS77G0 I. 3 -.000088 
60 | 1.251120 |! fi | 000083 
65 | 1.858120 | 5 | -0.004211 000251 
70 | 2.879450 | 6 | | 000002 .000501 
eae 81,9270 7 | , 000701, 
80 | 4.59600 | 8 000905 
eo h.9e7oeo It -9 001263 
90 i 538300 || 10 -.011574 - .000013 £00132 
95 | 3.519380 20 .006156 .001786 .00298), 
Ro 26685010" hovel t370bk. |) .006h66 005328 
410 | 1.430560 Gierl w:eenane 0062 .003108 
120 221510 | Bo. b) Bhesss 0017 .001577 
160 | 1.017150 |} 100 | 6218518 .002161 .000542 
| ' 
200 02770 i 129) 4) pease .001281 000298 
250 | .436960 |i 1L0 | .091686 -000865 .00022h 
Z00 ; .4323530 Loue "| 075117 000535 .00021), 
50 | 217700 | 180 | .058218 0003k5 000166 
00 | ~154,190 | B00 | O.0861 .00022h .000078 
{ 
50 | -154,010 || 220 | 020023 | -000176 000101 
500 119570 || 2k0 | 02.35 | .090140 000066 
550] .048h50 |} 260 | 021139 .000100 .0000 fi 
600 | -.029500 | 320 te) On70gs .000062 pasar 
| 300 | “oulole .0000h2 .000037 
| 420 | OUTER .00003%2 000025 
3h0 | 009069 .000016 000002 
360 | 007762 000032 00000) 
ie | .0064.39 - .000018 
1,00 | .001,650 -.0000),1 
i 2 - .00000 
| if 
| je 
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TABLE III.- FUNCTION 
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| 
| | 
Oo | 8.138900 0 5201250 | 
20 | 8.159900 |} 2 eae 
Lo 8.219400 | by 373550 
00 | 8.29100 || 6 .380140 
80 | @.351h00 || 8 .392320 
| 
100 | 8.358900 | lo -585170 | 
120 | 8.223900 || 20 0226 | 
140 | 7745900 || 30 ; 
160 | 6.570900 | ko 1.37620 
| meee bh So17900. |} 50 
| 
200 | 3.12900 60 lL. 67020 
220 | 2.512900 | 70 he? 
240 | 2.232900 |; 80 486770 
peeno) 7 2.202900 | 90 ; 
| 280 | 2.2h5900 | 100 1.85670 
| 400 | 2.215900 | 120 070 
| 320 | 2.026900 j 14.0 150 
3h0 | 1.734900 | 160 | 
360 | 1.404900 |) 180 
380 | 1.10800 || 200 | 
! | 
| hoo | .890900 # 220 | 
| 420 | .780l00 | 2h10 
; lho 75400 |) 260 | 
| 4.60 ~7L04.00 | 230 
500 | 26700 |i 300 | 
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| 700 | 1894.00 |} 400 00200 
| 70 .112000 |! 120 .009420 
aay (00 .030000 | hho .000100 
| 820 | -.006000 | 
| 860 | -.00000 | 
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TABLE IV.- FUNCTION ““y> FOR FOUR-BLADE PROPELLER 


Mi 


he ae 
| ES 
the Wa een 
! | 
| il | 0.017258 G.007916 = |, 0.005275 
aed ne .017259 .007918 .005107 
I | ba) Leb) 0079183 001,728 
80 | i O26 .007918 J0O08h 3 
256 |I | oa 007918 .00%21h | 
| 
50 | 023969 £0 | 027287 007918 0023443 
60 025590, i= 20 <OL7oTT | 007908 001099 
0) .021958 } LO .016676 | -006873 001245 
30 Poe. 2 0 .013899 004520 .000902 
90 .016049 || 80 | .009902 |; .002668 000675 
| | 
100 | .0135h0 100 | 00685 | 00159), .0005h1 
MAY .OLereo | 120 .005099 ; 00101) 00oLoh | 
130 610889 f the ~00LL010 0006); 00041), 
150 .009821 | 160 .003112 0001:07 0002.0 
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Figure 1.- Geometric relationships of wake helix. 
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Figure 2.- Plan view of wake helix showing geometric relationships. 
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